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Let P be a polynomial in two variables. We give an algebraic characterization
 Ž 2 .of the existence of a family of local fundamental solutions E  E  , 0  , A
Ž .   1 A, nearly supported in a half-space, i.e., P D E    f , where , A 0  , A
Ž  .   2 4 Ž  .   2Supp E  H  x   : x 	
 and Supp f  H  
A, A . , A  2  , A 
 2001 Academic Press
Key Words: PhragmenLindelof conditions for algebraic varieties; fundamental´ ¨
solutions with support in half-spaces.
INTRODUCTION
Ž . 2 2It is well known that the heat operator P z  z  z  iz isn 1 n
1 n
Ž . Ž .parabolic with respect to the direction N 0, . . . , 0, 1 , i.e., P D is
Ž n.hypoelliptic, and there exists a fundamental solution ED  with
Ž .    n 4Supp E H , where H  x : x 	 0 . The existence of En
follows from the fact that a parabolic polynomial P satisfies the condition
P  iN  0,   ,  n , 1Ž . Ž .0
where  . Characterizations of related Cauchy problems can be found0
   in the works of Enqvist 1, 2 , Hormander 7, 8 , Meise, Taylor, and Vogt¨
     15 , Melrose 17 , and Wakabayashi 19 .
Ž .Obviously the heat operator P does not satisfy 1 with respect to 
N.n
 However, it was shown by Jones 11 that for each  0 there exists a
Ž n. Ž .   fundamental solution E D  with Supp E  S , where S  x   
21
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n 4 Ž  . : 0x   see also Langenbruch 13 . Multiplication of P byn n
a polynomial which is hyperbolic with respect to 
N gives an operator Q
Ž n. Ž . 
which admits a fundamental solution E D  with Supp E H  
S , where  0 can be chosen arbitrarily small. For example, consider
Ž . Ž .Ž .the polynomial Q z , z  P z , z z  z . Because of hyperbolicity it1 2 2 1 2 1 2
Ž .  
is not possible to achieve Supp E  S  S , for some  0.  
To solve related Cauchy problems for C-functions supported in the
 Ž   .half-space H or H  S resp. it suffices to have local fundamental
Ž   .solutions see Hormander 8, 12.8.15 for H . In the present article we¨
will consider the existence of local fundamental solutions supported in a
half-space unified with a strip HH S. If P only depends on two 
variables we will get a characterization in terms of algebraic conditions
Ž .similar to 1 .
 THEOREM. For P z , z the following are equialent:1 2
Ž .  Ž 2 . Ž . 1 For all 0  1 A there exist E D  with P D E  0
 Ž .  Ž . 2  2 f , where Supp E H and Supp f   
A, A .
Ž . Ž . Ž2 For each c  0 there exists c  0 such that for all x, z  1 2
. Ž . 	 	 	 	 	 Ž . 	  V P , z  c x , we hae Im z  c .1 2
In general  cannot be chosen equal to 0. This follows from the fact that
Ž . Ž . Ž .the algebraic condition 2 looks only at branches  z of V P such that
	 Ž . 	 	 	 z grows at most linearly in z . A characterization of the existence of
Ž .fundamental solutions satisfying the condition 1 with  0 in terms of
Ž . the coefficients of the expansions  z is given in Hormander 8, Vol. II, p.¨
 2163 . For example, the equation z  iz does not satisfy this condition;2 1
Ž . 2however, 2 trivially is satisfied. If the coefficient i of z is changed to 11
 then the condition in 8 holds and therefore there exist fundamental
Ž .solutions satisfying 1 with  0.
Ž . Ž .Note that the conditions 1 and 2 are equivalent to the following one:
Ž .  Ž 2 . Ž . 1 For all  0 there exist E D  with P D E   and
Ž . Supp E H .
We will not give the proof of this condition since it follows from standard
 MittagLeffler arguments in Hormander 8, 12.8.14 .¨
To show the theorem we use a characterization of an extension property
Ž .for the zero solutions of P D given in terms of a PhragmenLindelof-type´ ¨
Ž . condition for plurisubharmonic functions on the variety V P  z
n Ž . 4 Ž . : P 
z  0 see Proposition 4 . This property was used also in
  Ž  .Franken 4 see also Meise, Taylor, and Vogt 16 . In the proof of
Ž . Ž .implication 1  2 this PhragmenLindelof principle is applied to cer-´ ¨
Ž Ž ..tain plurisubharmonic functions which will be defined in terms of Im  z
Ž . Ž .and a certain auxiliary function. Here  z gives the branch of V P which
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	 	grows at most linearly in z . Evaluating those functions in the real points
z x, x, together with the technical results in the lemmas 5 and 6
Ž .then gives the algebraic condition 2 . The most difficult part of the proof
Ž . Ž .will be implication 2  1 . Here we also use the fact that the branches
Ž Ž .. Ž . Ž . N pŽz,  z  V P are given by Puiseuxseries, i.e.,  z  az 1
Ž 1 p.. Ž Ž . Ž ..h z . In the case Np 1 Cases 1 and 2 of the proof of 2  1
Ž . Ž .condition 2 gives information about  x and thus certain bounds for a
plurisubharmonic function u satisfying the conditions in the Phragmen´
ŽŽ . Ž . .Lindelof principle i and ii in Proposition 4 over real points x. It¨
turns out that by using classical PhragmenLindelof principles for the´ ¨
half-space this would imply the desired PhragmenLindelof condition on´ ¨
Ž . Ž . Ž .V P . Unfortunately from 2 we do not get any properties of  x , x,
when Np 1. In that case we instead use the assumption that  0 to
get similar properties for u over real points x. To do so we first investigate
the geometry at the boundary of the nearly cone-shaped region
Ž N pŽ Ž 1 p...Im az 1 h z  0 in  in the technical Lemmas 8 and 9. These
Ž Ž . Ž ..results will be used in the case Np 1 Case 3 of the proof of 2  1 .
Note that the techniques of the proof can be applied also to extension
problems for partially real analytic zero solutions of general partial differ-
Ž  .ential operators Franken 5 .
1. C-FUNCTIONS, DISTRIBUTIONS, AND PARTIAL
DIFFERENTIAL OPERATORS
n Ž . For an open set  we denote by E  the space of all C -func-
tions on , endowed with the semi-norms
Ž	 . n
 
f  sup sup f x , L , l .Ž .L , l 0
xL 	 		 l
n ˚ For a compact, convex set A with A the space of all C -Whit-
Ž .ney jets E A is defined as follows:
˚ nE A  f E A : for each 	 there existsŽ . Ž . 0
	 	 ˚ Ž	 .	f  C A : f A f .Ž . 4
Ž . Ž
 
 .We endow E A with the semi-norms . Moreover, for aA, l l0
compact set A n we define
D A  f E  n : Supp f  A , 4Ž . Ž . Ž .
endowed with the induced subspace topology. For an open set  n we
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let
D   f E  n : Supp f   ind D L , 4Ž . Ž . Ž . Ž .

L
endowed with the inductive limit topology. If S is either an open or
Ž . Ž .compact, convex set with non-empty interior then E S resp. D S
Ž . Ž .denotes the dual of the space E S resp. D S .
 Let  z , . . . , z denote the ring of all complex polynomials in the1 n
 variables z , . . . , z . For a polynomial P z , . . . , z of degree m, i.e.,1 n 1 n
Ž . 	 nP z Ý a z , z , we define the partial differential operator		 	m 	
P D  a D	 .Ž . Ý 	
	 		 m
We set D	D	1  D	n, where D	 i
	
 	
 x	, 1 j n, and 
 	1 n j j

 x 	 denotes the 	 th derivative with respect to the variable x in thej j
Ž .distribution sense. The principal part P of P is defined by P z m m
Ý a z 	, z n. For x n we denote by  the Dirac measure in x.		 	m 	 x
2. Notation. For 0  , A we let
H x n : x 	
 , 4 n
˜ nH  x : x 
 , 4 n
nn
1A A     K  
A , A  
A , 0 , K  
A , A ,1 2
n
1A ,     K  
A , A  
A ,  .3
Ž .  	 	 4For r 0 and z we set b r, z   : z
   r . Moreover, we let
  	 	 4B  z : z  r .r
3. DEFINITION. Let V be an analytic variety. A function u : V
 4
 is called plurisubharmonic if u is plurisubharmonic in the regular
points V of V and locally bounded on V. So that u is upper semicontinu-reg
ous on the singular points V of V we letsing
u   lim sup u z ,  V .Ž . Ž . sing
V zreg
Ž .By PSH V we denote the set of all plurisubharmonic functions on V
which are upper semicontinuous.
Using the FourierLaplace transform and the fundamental principle for
Ž .  Ž . Ž the spaces E K and D K , one can show see Franken and Meise 3,P b P b
  .1.8 and Franken 4, 3.5 the following proposition.
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Ž  .  4. PROPOSITION Franken 4, 3.5 . Let P z , . . . , z be non-con-1 n
stant. The following assertions are equialent:
Ž .  Ž n.1 For all 0  1 A there exists E  E  such that
Ž .  Ž .   Ž . n  nSupp E H and P D E    f , where Supp f   
A, A . 0
Ž . Ž .2 V P satisfies WPL: there exists A	 1 such that for each  0
Ž Ž ..there exist l	 0 and C 0 such that for each u PSH V P the condi-
Ž . Ž . Ž .tions i and ii imply iii , where
Ž . Ž . 	 Ž . 	 Ž . Ž Ž 	 	.. Ž .i u z  Im z  Im z O log 1 z , z V P ,1 n 

Ž . Ž . 	 Ž . 	 Ž .ii u z  Im z , z V P ,1
Ž . Ž . 	 Ž . 	 Ž . Ž . Ž 	 	.iii u z  A Im z  Im z   Im z  l log 1  z 1 n 
 n 
Ž .C, z V P ,
Ž  . n
1 	 	 	 	 	 	 mwhere z z , z  , y  y   y , y , m n
1n 1 m
Ž .1, n and a max 0, a , a.
The next five lemmas are quite technical. Therefore the reader should
skip them and go to the proof of the theorem first.
 4 Ž . Ž . 	5. LEMMA. Let N , p, N p, 	 0 , h A B , h z R
Ž 	 	
1 .O z . Then the following are equialent:
Ž . 	 	 p1 There exists c  0 such that for all x, x R2
N p 1 p 	 	Im 	 x 1 h x  c log 1 x  c .Ž . Ž .Ž .Ž . 2 2
Ž . Ž .  4 	 Ž . 	 Ž 	 	
N .2 i If N p then 	 0 and h z O z .
Ž .ii If N p then N 0.
Ž . 	 	 p3 There exists c  0 such that for all x, x R ,1
N p 1 pIm 	 x 1 h x  c .Ž .Ž .Ž . 1
N p Ž 1 p.N 1 pHere we use the notation x  x and x runs through all roots of
the equation w p  x.
Ž . Ž .Proof. 3  1 : This is obvious.
Ž . Ž . Ž .2  3 : If i is satisfied then for sufficiently large C 0 and x,
	 	 px R , we have
N p 1 p 1 pIm 	 x 1 h x  Im 	 x 	 xh xŽ . Ž .Ž . Ž .Ž .

N1 p	 	 	 	 	 	 	 	 	 x C x  	 C.Ž .
Ž . Ž .Hence 3 is shown. The argument in case ii is similar.
Ž . Ž .   Ž . i1  2 : For z 
 , 0 define arg z  , where z re , r
   Ž .0,  
  , . There exists c  0 and R 	 R such that 1 h z 2 1
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  	 	 Ž Ž ..  	 	
1 	 	 
 , 0 , z R , and arg 1 h z  c z , z R . If N	 1 and1 2 1
for some root  of the equation z p  1 or z p 
1 the number 	 N has
a positive imaginary part, then for some 0 d, R 	 R p, and x	 R we2 1 2
have
Ž . Ž N N pŽ Ž 1 p... N p4 Im 	 x 1 h  x 	 dx ,
where x N p denotes the positive root of x. Now if N p and 	 is not real
p Ž . 	 Ž . 	
1we choose a root  of the equation z  Im 	 Im 	 to get the
N Ž . Ž .positive imaginary part of 	 . Hence 4 contradicts 1 and we have
 4 Ž . M j	 0 . If h has the form h z Ý 	 z , where 
NM 0,j
 j
	  0, then there exists a root  of the equation z p  1 such thatM
NM Ž .		  has a positive imaginary part. Now 4 applied to the expansionM
NM Ž NM . pŽ Ž 1 p.. Ž . 
1 
1 j		  x 1  h  x , where h z  Ý 	 	 z ,M 1 1 j
 jM M
implies the existence of constants d  0 and R 	 R such that for all1 3 2
x	 R ,3
Im 	 N x 1 h  x1 p  Im 	 N xh  x1 pŽ . Ž .Ž . Ž .Ž . 
M
N j Ž Nj. p Im 		  xÝ jž /j
 
 Im 		  NM x Ž NM . p 1 h  x1 pŽ .Ž .Ž .M 1 
	 d x Ž NM . p ,1
Ž NM . p Ž .where x denotes the positive root of x. This contradicts 1 , and
Ž .we get M
N, which implies the second part of i . The previous
Ž .argument can also be applied to show ii .
  6. LEMMA. Let P z , z such that for each  0 there exists c  01 2
Ž Ž .. Ž . Ž . Ž .such that for all u PSH V P the conditions i and ii imply iii , where
Ž . Ž . 	 Ž . 	 Ž . Ž . Ž .i u z , z  Im z  Im z O 1 , z V P .1 2 1 2 

Ž . Ž . 	 Ž . 	 	 Ž . 	 Ž .ii u z , z  Im z  Im z , z V P .1 2 1 2
Ž . Ž . 	 Ž . 	 Ž . Ž .  Ž 	 	.iii u z , z  Im z  Im z   Im z  c log 1  z 1 2 1 2 
 2 
 Ž .c , z V P .
Ž . Ž .Then for each c  0 there exists c  0 such that for all x, z   1 2
Ž . 	 	 	 	 	 Ž . 	V P , z  c x , we hae Im z  c .1 2
Ž . 2Proof. The zeros z,   of P for z tending to infinity are given by
finitely many Puiseux expansions,
N p 1 p 	 	 p z  	 z 1 h z , z R ,Ž . Ž .Ž .
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Ž . Ž . 	 	
1 	 	where N , p, h A B , for some R	 1, h z  C z , z R,R
 4 1 p p	 0 , and z runs through all roots of the equation w  z. We
Ž Ž .. Ž .use the subharmonic function H PSH b 1, 0  C b 1, 0 from Meise,Ž .
 Taylor, and Vogt 14, 2.9 , which satisfies for some c 0
Ž . Ž . 	 Ž . 	 	 	a H z  Im z , z  1.
Ž . Ž . 	 Ž . 	 	 	b H z  Im z 
 c, z  1.
Ž . Ž . 	 	c H ix 	 0, x R, x  1.
Ž .By Lemma 5 it suffices to show that for each expansion  z with N p
there exists a number c  0 such that2
Ž . Ž Ž ..  Ž 	 	.  	 	 p1 Im  z  c log 1 x  c , x R . 2 2
   i argŽ z .Note that for all z 
 , 0 and  the function z r e is
Ž . i  holomorphic, where arg z  , z re , r 0,  
  , . Choose
	 	
1Ž 
1 p.
1 p0  c 	 1 CR 4. For x 	 2 R and a root  of the0
equation z p  1 or z p 
1 we define the disc
D  pz , 	 Nz N p 1 h  z1 p : z b x 2, x  V P ,Ž . Ž . Ž . 4Ž .Ž . 0 0
where z N p is defined as above with Np. On D we define the
plurisubharmonic function
x 
p z
 x0 0
u z ,  max H   Im  , Im z ,Ž . Ž . Ž .ž /ž /2 x 20
z ,  D.Ž .
Ž . Ž .By b for all z b x 2, x ,0 0
x z
 x0 0 N N p 1 pH   Im 	 z 1 h  zŽ .Ž .Ž .ž /2 x 20
cx0 
1 p	 	 	 	 Im z 
   	 z 1 CRŽ . Ž .
2
cx0 
1 p	 	 Im z 
   	 2 x 1 CR  Im z .Ž . Ž . Ž .02
Ž .Hence u extends to a plurisubharmonic function  on V P by setting it
	 Ž . 	 Ž . Ž .equal to Im z on the regular points z,   V P outside D. Thisreg
Ž . Ž . Ž . Ž .together with a implies that the function w z,    z,   Im  ,

Ž . Ž . Ž . Ž . Ž .z,   V P , satisfies conditions i and ii , hence iii . For  2
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 Ž . Ž .choose c  0 according to iii . By the definition of  and c ,
 Im 	 N x N p 1 h  x1 p  Im 	 N x N p 1 h  x1 pŽ . Ž .Ž . Ž .Ž . Ž .0 0 0 0 

 w  p x , 	 N x N p 1 h  x1 pŽ .Ž .Ž .0 0 0
p N N p 1 p Im  x  Im 	 x 1 h  xŽ . Ž .Ž .Ž .0 0 0 


N N p 1 p Im 	 x 1 h  xŽ .Ž .Ž .0 0 2
 
1 p' 	 	 c log 1 2 x  	 x 1 CR  c ,Ž .Ž .Ž .0 0
holds. Hence
Im 	 N x N p 1 h  x1 pŽ .Ž .Ž .0 0 
 
1 
1 p 
1' 	 	 2c log 1 2 1 	 1 CR x  2c .Ž .Ž .Ž .0
Ž .By Lemma 5 this implies 1 with a sufficiently large constant c  0.2
 i 47. LEMMA. Let  re  : r 0,     , where   1 2 1 2
and  
    . There exists A 0 such that each subharmonic function u2 1
Ž . 	 	 Ž . Ž . 	 	on  with u z  z O 1 , z , and lim sup u   z , z 
 ,  z
Ž . 	 	satisfies u z  A z , z .
Proof. Let e  ei j, j 1, 2. Since    there exists a uniquej 1 2
solution  of the equations
Ž . Ž .1 1 Im e , j 1, 2.j
	 	 Ž .Set A  . By hypothesis the set  is convex. 1 implies that the con-
	 	 Ž .vex function z z is equal to the -linear map z Im  z on 
 ,
	 	 Ž . Ž .hence z  Im  z , z . Therefore the subharmonic function  z
Ž . Ž . Ž . Ž . u z 
 Im  z satisfies the conditions  z  O 1 , z , and
Ž . Žlim sup  z  0, z 
 . The PhragmenLindelof principle see´ ¨  z
 . Ž .Koosis 12, III.C implies  z  0, z . We get
	 	u z  z  Im  z  Im  z  A z .Ž . Ž . Ž . Ž .
This proves the assertion.
Ž . 	 Ž . 	 Ž 	 	
1 .8. LEMMA. Let  A B ,  z O z , r  0, q 1, p,R 1
and   2  and define the function1
q 1 p i p 1 p i pf r ,   r r 1  r e sin   q arg 1  r e ,Ž . Ž . Ž .Ž .Ž .1 1
 p r ,   R , .Ž .
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2Ž .Then there exist R ,   0 and a function  C R , such that the1 1 1
following hold:
Ž . Ž . Ž .    1 The equation f r,   0 is alid for r,   R , 
  , 0 0 1 1 1
Ž .if and only if    r .0
Ž . 	 Ž . 	 Ž . 	 Ž . 	 Ž 
1 . 	 Ž . 	 Ž 
2 .2  r  o 1 ,  r O r ,  r O r , as r .
Ž . Ž . q Ž .    3 
 f
 r,  
r r 8, for all r,   R , 
  ,  .0 1 0 1 1 1
Ž .4 One of the following properties holds:
Ž . Ž .a  r  0, for all r	 R .1
Ž . Ž .b  r  0, for all r	 R .1
Ž . Ž .c  r  0, for all r	 R .1
	 Ž . 	 Ž 	 	
2 .Proof. By hypothesis  satisfies the property  z O z and
	 Ž . 	 Ž 	 	
3 . p Ž 1 p i p. z O z . Choose R 	 R so large such that 1  r e2
  
 , 0 , for all r R and . Using Leibniz’s formula, the2
chain rule, and the properties of the function  one can show with a
2 	 	sufficiently large number C  1 for all 	 , 	  2, and r	 R ,1 0 2
	 	1 2

1 p i p 
1 p
	15 arg 1  r e  C rŽ . Ž .Ž . 1	 	1 2
 r 

and
	 	1 2

1 p i p 
1 p
	16 1  r e  C r .Ž . Ž . 1	 	1 2
 r 

Consequently for the function f defined by1
1 p i p  f r ,   q arg 1  r e , r ,   R , ,Ž . Ž . Ž .Ž .1 2
Ž .we get from 5 a number R 	 R such that3 2

 f 
 f1 1 
1 p
17 1 r ,   2 q , r ,   C r ,Ž . Ž . Ž . 1
 
 r
r R , ,3
and
	 	1 2


1 p
	1f r ,   C r , r R , , 	  	  2.Ž .1 1 3 1 2	 	1 2
 r 

UWE FRANKEN30
	 Ž . 	 Ž 	 	
1 . Ž .  ,  z O z , and 7 imply the existence of R ,   01 4 2
Ž . Ž .such that for all r	 R the equation f r,   0 is equivalent to f r, 4 1
Ž .   	 Ž . 	 0 and has a unique solution  r  
  ,  with  r  0, as2 2
Ž .r . Moreover, by 7 and the Implicit Function Theorem we have
2Ž . C R , and4

1
 f 
 f1 18  r  r ,  r r ,  r , r R .Ž . Ž . Ž . Ž .Ž . Ž . 4ž /
 
 r
Ž .From 7 we get for r R4
 
1 p
1 
1 r  C r O r .Ž . Ž .1
The second derivative of  can be estimated for all r R and  as4
follows:

2
 f1 r  r ,  rŽ . Ž .Ž .

 r

 f1
 r ,  rŽ .Ž .ž 

2 2
 f 
 f1 1  r ,  r  r ,  r  rŽ . Ž . Ž .Ž . Ž .ž /
 r 
 r 
2
2 2
 f 
 f1 1  r ,  r  r ,  r  rŽ . Ž . Ž .Ž . Ž .2ž /
 r
 


 f1
 r ,  rŽ .Ž . /
 r
 2 q C r
1 p
2  C r
1 p
1C r
1 p
1Ž .Ž 1 1 1
 C r
1 p
1  C r
1 pC r
1 p
1 C r
1 p
1Ž . .1 1 1 1
 2 q C  C 2  C  C 2 C r
1 p
2 O r
2 .Ž .Ž . Ž .Ž .1 1 1 1 1
Ž . 	 Ž . 	Hence we have shown condition 2 . Since   2  and  r 1
Ž . Ž Ž ..o 1 , as r , there exists 0    with cos   f r,  
12,1 2 1 1 0
Ž .     Ž Ž . p.for all r,   R , 
  ,  . Set R max R , 4C . Then for0 5 1 1 6 5 1
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Ž .    all r,   R ,  , 0 6 1 1

 f 

q 1 p i  p0r ,   r r 1  r e sin   f r , Ž . Ž . Ž .Ž .0 1 1 1 0ž /
 


 f1q 1 p i  p0 r r 1  r e cos   f r ,  r , Ž . Ž . Ž .Ž .1 1 1 0 0

1
q 
1 p q 
1 p r r C r 
 r r 1
 C rŽ .1 1 1 1 2
1 r1q 
1 p 
1 p q r r C r 
 1
 C r 
 r .Ž .1 1 1ž /2 8
Ž . Ž .Hence condition 3 follows. To show condition 4 we let
i j j 	 	 z   e z , z  R ,Ž . Ý j
j
1
where  	 0 and  , j
1, and sup  R j . Note that forj j j
1 j
sufficiently small  0 we have
1Ž . Ž . Ž . Ž . Ž . 	 	9  Im z arg 1 z 2 Im z , if Im z 	 0, z   .2
Since

q r  arg 1  r1 pei Ž r . p , r R ,Ž . Ž .Ž . 2
Ž . Ž .condition 9 directly implies for r R with  r 	 02
1 j p10   r sin    r jpŽ . Ž .Ž .Ý j j2
j
1
j p q  r 2  r sin    r jp .Ž . Ž .Ž .Ý j j
j
1
We have to look at two different cases.
Ž . Ž . 	 Ž . 	Case 1.   , for all j
1 with   0. From 10 and sin xj j
	 	 x , x, we obtain for all r R2
j p j p 	 	q  r  2  r sin    r jp  2  r  r j p.Ž . Ž . Ž .Ž .Ý Ýj j j
j
1 j
1
Ž .Hence for all r R with  r  0 we have2
j p 	 	q 2  r j p.Ý j
j
1
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Since the right-hand term of this inequality tends to zero if r tends to 
	 there must be a number R 	 R such that  R , 0. We have shown1 6 1
Ž . Ž .property a of 4 .
Ž .Case 2.   , for some j
1 with   0 . Let j 
1 be thej j 0
maximal element with this property. We define the functions

1
j p Ž j
j . p0	 	g r   r j p , h r   r , r	 R .Ž . Ž .Ý Ýj j 2
jj 1 jj 
10 0
Since
 r  0, g r  0, h r  0, as r ,Ž . Ž . Ž .
we can find R 	 R such that the following conditions hold for all r	 R :1 6 1
1 sin   sin   r j p  2 sin  ,Ž .Ž . Ž .Ž .j j 0 j2 0 0 0
q
g r  ,Ž .
4
1h r   sin  .Ž . Ž .j j4 0 0
Ž . Ž .If for r	 R we have  r  0, it follows from the first inequality of 101
applied to the minus sign that
12 q  r 	 q g r  rŽ . Ž . Ž .Ž .2

1
1 j p	 q  r 
  r sin    r jpŽ . Ž .Ž .Ý j j2
jj 10
1 1j  p j  p Ž j
j . p0 0 0	  r sin    r j p 
 r  rŽ .Ž . Ýj j 0 j2 20 0
jj 
10
1 j  p0  sin    r j p 
 h r r .Ž . Ž .Ž .ž /j j 02 0 0
Ž .By the second inequality in 10 we have
q
j  p0 r  2  sin    r j p  h r r .Ž . Ž . Ž .Ž .ž /j j 00 02
Ž .From the last inequality and the definition of R we obtain sin   0.1 j0
Thus the last two inequalities can be improved as follows:
Ž . Ž . Ž . j0 p 	 Ž . 	 Ž . Ž . j0 p11 116q  sin  r   r  6q  sin  r .j j j j0 0 0 0
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Ž .If on the other hand for some r R we have  r  0 the first inequality1
Ž .of 10 applied to the plus sign gives
12 q  r 	 q g r  rŽ . Ž . Ž .Ž .2

1
1 1 j p	 q  r   r sin    r jpŽ . Ž .Ž .Ý j j2 2
jj 10
1 1j  p j  p Ž j
j . p0 0 0	
  r sin    r j p 
 r  rŽ .Ž . Ýj j 0 j2 20 0
jj 
10
1 j  p0
  sin    r j p  h r r .Ž . Ž .Ž .ž /j j 02 0 0
Ž .From the second inequality in 10 we get
q
j  p0 r 
2  sin    r j p  h r r .Ž . Ž . Ž .Ž .ž /j j 00 02
Ž .Arguing as above we get 
sin   0, which impliesj0
Ž . Ž . Ž . j0 p 	 Ž . 	 Ž . Ž . j0 p12 
116q  sin  r   r  
6q  sin  r .j j j j0 0 0 0
Ž . Ž .Adding up 11 and 12 , we have shown
j  p j  p0 0116q  sin  r   r  6q  sin  r .Ž . Ž . Ž .Ž . Ž .j j j j0 0 0 0
Ž . Ž . Ž .Since  does not depend on r this implies either b or c in 4 ,j0
	 Ž . 	provided there exists a number r	 R with  r  0. If this property1
Ž .does not hold,  trivially satisfies a .
To get certain estimates for extremal subharmonic functions defined by
the function  in Lemma 8 we need the following lemma from analysis.
2Ž . 	 Ž . 	 	 Ž . 	9. LEMMA. Let  C 12, 32 such that  1  4 and  x
	 Ž . 	 Ž . C,  x  C, 12 x 32. There exists   C  0 such that for
all 0 r  there exists z  with0
Ž . i Ž1. Ž .1 e  
 b r, z .0
Ž . Ž .  i1 Ž . 42 b r, z  r e  :  r    2, 12 r  32 .0 1 1 1
Proof. We identify  with 2. Without loss of generality we may
Ž . Ž . Ž . Ž 	Žassume  1  0. Consider the function F x, y  arg x iy 
  x,
. 	.   Ž i1.y , x iy 
 , 0 , where arg re   , for all r 0,  1 1
  Ž Ž ..
  , . We choose a number 0  min 12, 1 8C such that2
Ž . Ž .   34 
 arg
 y x, y  54, for all x, y  
   1,   1  
2 2
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 Ž .     ,  . This gives for all x, y  
   1,   1   , 2 2 2 2 2 2

F 
 arg 3 1 1
1x , y  x , y 
  x , y x , y y	 
 2C  .Ž . Ž . Ž . Ž .Ž .

 y 
 y 4 8C 2
By the Implicit Function Theorem there exist another 0    and a1 2
1Ž . Ž .  function  C 
   1,   1 such that  x  
  ,  and1 1 2 2
Ž Ž ..   	 Ž . 	 	 Ž . 	F x,  x  0, for all x 
   1,   1 . Since  x  C,  x1 1
 C, 12 x 32, and we can choose C 	 54 depending only on C1
Ž .    being so large such that for all x, y  
   1,   1  
  , 2 2 2 2
2 	 	and 	 with 	  20
	
 F
x , y  C .Ž . 1	 	1 2
 x 
 y
Ž .    For all x, y  
   1,   1   ,  we get1 1 2 2

1
F 
F
 x  x ,  x x ,  x  2C .Ž . Ž . Ž .Ž . Ž . 1
 y 
 x
Since the constant 2C does not depend on  the number  can be1 1
chosen depending only on  and therefore only on C. Replacing  by a2 1
sufficiently small number depending only on  we obtain2
i Ž r1.      r e  : r  12, 32  
   1,   1   ,  41 1 1 1 2 2
 graph  .Ž .
This immediately implies
i1    r e :    r ,2 , r  12, 32Ž . 41 1 1
    
   1,   1  
  , 1 1 2 2
    x , y  
   1,   1  
  ,  : y  x 4Ž . Ž .1 1 2 2
 graph  .Ž .
Ž .Therefore it suffices to show that for sufficiently small   C  0 and
all 0 r  there exists z  such that0
Ž . Ž .3 1 
 b r, z .0
Ž . Ž . Ž .4 b r, z  graph  .0
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To show this for r 0 consider the function
222  2' 'k x  r 1  1 
 r 
 x
 1 r 1  1  1 ,(Ž . Ž . Ž . Ž .r ž /
where
2 2   ' ' x I  
 r 1
 r 1  1  1 , r 1
 r 1  1  1 .Ž . Ž . Ž . Ž .r
Ž .graph k is the ‘‘lower’’ boundary of the disc with radius r and centerr
2 2  Ž . Ž Ž . .' '5 z  1
 r 1  1  1 , 1 r 1  1 .Ž . Ž .0
It is easy to see that for all 0 r  r we therefore have k  k on I .1 2 r r r2 1 1
Ž .  Ž . Ž .Moreover, 1 I , k 1  0, k 1   1 , andr r r
322 k 1  1  1 r , r 0.Ž . Ž .Ž .r
Ž . The second derivative of  can be estimated for x, y  
   1,1
    1  
 ,  as follows:1 2 2

2
F
 x  x ,  xŽ . Ž .Ž .

 y

F
 x ,  xŽ .Ž .ž 
 y
2 2
 F 
 F
 x ,  x  x ,  x  xŽ . Ž . Ž .Ž . Ž .2ž /
 x 
 y
 x
2 2
 F 
 F
 x ,  x  x ,  x  xŽ . Ž . Ž .Ž . Ž .2ž /
 x 
 y 
 y

F
 x ,  xŽ .Ž . /
 x
 2 C C  C 2C  C  C 2C C  12C 3.Ž . Ž .Ž .1 1 1 1 1 1 1 1 1
Ž . This implies the existence of   C  0 such that I  
   1,   1 1
 Ž . Ž .1 , 2  , and  k . Hence we have shown the conditions 3 and 42 
Ž .with z as in 5 , for all 0 r .0
Ž . Ž .Proof of the Theorem. 1  2 : This follows from Proposition 4 and
Lemma 6.
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Ž . Ž . Ž . Ž .2  1 : Let P z , z  P z , z . We claim that for each  0 1 2 1 2
Ž . Ž .there is a number C 0 such that for all u V P the conditions i
Ž . Ž .and ii imply iii , where
Ž . Ž . 	 Ž . 	 Ž . Ž . Ž . Ž .i u z , z  Im z  Im z O 1 , z , z  V P .1 2 1 2 
 1 2
Ž . Ž . 	 Ž . 	 	 Ž . 	 Ž . Ž .ii u z , z  Im z  Im z , z , z  V P .1 2 1 2 1 2 
Ž . Ž . 	 Ž . 	 Ž . Ž . Ž .iii u z , z  Im z  Im z   Im z  C, z , z 1 2 1 2 
 2  1 2
Ž .V P .
Ž .Then 1 follows from Proposition 4. We will show this condition in the
Ž . Ž . Ž .case P  P. Since 2 is valid for V P as well as for V P the proof for  

P is similar. To prove the claim note that it suffices to show that for each

Ž Ž .. 0 there exists C 0 such that for each u PSH V P the conditions
Ž  . Ž . Ž .i and ii imply iii , where
Ž  . Ž . 	 Ž . 	 Ž . Ž . Ž .i u z , z  Im z O 1 , z , z  V P .1 2 1 1 2
Ž  . Ž . 	 Ž . 	 Ž . Ž . Ž .ii u z , z  Im z  Im z , z , z  V P .1 2 1 2  1 2
Ž  . Ž . 	 Ž . 	 Ž . Ž . Ž .iii u z , z  Im z   Im z  C, z , z  V P .1 2 1 2  1 2
To show this we let
V  P  z , z  V P : Im z  0 . 4Ž . Ž . Ž . Ž .1 2 2 
Ž . Ž .If u satisfies i and ii then
 z max u z , z  Im z 
 1, Im z ,Ž . Ž . Ž . Ž .Ž .1 2 2 1
z , z  V
 P ,Ž . Ž .1 2
Ž .extends to a plurisubharmonic function on V P when it is set equal to
max u z , z 
 1, Im zŽ . Ž .Ž .1 2 1

Ž . Ž . Ž . Ž . Ž .outside V P .  satisfies i and ii and hence iii . Since u satisfies iii

 Ž . Ž . Ž . Ž .on V P by ii , we may assume that z , z  V P . By iii we haveŽ . 1 2
u z , z  z , z  1 Im z   Im z  C ,Ž . Ž . Ž . Ž .1 2 1 2 1 2 
Ž . Ž . Ž . Ž .which implies iii . Now it remains to show that i and ii imply iii . For
Ž Ž .. Ž . Ž .this aim we let  0 and u PSH V P be given with i and ii . For
Ž .iii to hold it suffices to show that there exists C  0 and R 	 1 such1 1
that
Ž . Ž . Ž . Ž . Ž . 	 	3 u x,    Im   C , x,   V P , x R . 1 1
Ž . Ž . Ž . Ž .To show that 3 implies iii for a number z we let V P  V P z
Ž 4 .z  .
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Ž .It follows from ii that the function
 z , z max u z , z 
  Im z 
 1, Im z ,Ž . Ž . Ž . Ž .Ž .1 2 1 2 2 1
z , z  V P ,Ž . Ž .1 2
Ž .extends to a plurisubharmonic function on V P when it is set equal to
	 Ž . 	 Ž .Im z outside V P . Without loss of generality we may assume that P1
depends on z . Otherwise P trivially admits a fundamental solution2
 2 4 Ž .supported in H x : x  0 . Therefore the discriminant  z of2 1
Ž .  z  P z , z is a nonvanishing polynomial in z . Hormander 10, 4.4¨2 1 2 1
implies that the function
w z max  z ,  :  V P , z,  z  0, 4Ž . Ž . Ž . Ž .z
Ž . Ž .extends to a plurisubharmonic function on . Now 3 implies w x  C ,1
	 	 Ž . Ž . 	 Ž . 	 Ž .for all x, x R , and i implies that w z  Im z O 1 , for all1
 Ž . 4z . Since now S z  :  z  0 is a finite set and z
 	 Ž . 	 Ž . 4max Im  :  V P is a continuous function on S it follows fromz
Ž . 	 	the Maximum Principle that w z M, z  R  1, where R S S
 	 	 4  	 Ž . 	 	 	 Ž . 4max z : z S and Mmax Im  : z  R  1,  V P . From theS z
Ž .classical PhragmenLindelof principle for the half-space we get w z ´ ¨
	 Ž . 	 Ž . Ž . Ž .Im z max C , M . Therefore for z , z  V P with z S the1 1 2 1
following holds:
u z , z  w z   Im z  1Ž . Ž . Ž .1 2 1 2
 Im z   Im z max C , M  1.Ž . Ž . Ž .1 2 1
Ž . Ž . Ž . Ž .By ii we therefore have for all z , z  V P with  z  01 2 1
Ž  . Ž . 	 Ž . 	 Ž . Ž .iii u z , z  Im z   Im z max C , M  1.1 2 1 2  1
Ž . Ž .To show that this holds also on the remaining points z , z  V P ,1 2
Ž . z  0, we have to look at two different cases.1
Ž 4 Ž . . Ž . Ž .Case 1. z  V P . In this case it follows from i and ii1 z1
and the PhragmenLindelof principle for the half-space that´ ¨
u z ,   Im z , .Ž . Ž .1 1
Ž  . Ž .In particular iii holds in z , z .1 2
Ž 4 Ž . .Case 2. z  V P . By the definition of u in the singular1 z1
Ž .points of V P and the mean value property for subharmonic functions we
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have
u z , z  lim sup u  ,  .Ž . Ž .1 2 1 2
Ž . Ž . Ž .V P   ,   z , z1 2 1 2
Ž . z 01
Ž  . Ž .Since the left-hand term in iii defines a continuous function in  ,  ,1 2
Ž  . Ž . Ž  .property iii follows in z , z . Hence we have shown iii in each point1 2
Ž . Ž . Ž .of V P and therefore iii with Cmax C , M  1.1
Ž . Ž .To show 3 we consider the zeros z,  of P for z tending to infinity
given by Puiseux expansions of the form
N p 1 p 	 	 p z  	 z 1 h z , z R ,Ž . Ž .Ž .
Ž . Ž . 	 	
1 	 	where N , p, h A B , for some R	 1, h z  C z , z R,R
 4 1 p p	 0 , and z runs through all roots of the equation w  z. For
Ž .3 to hold it suffices to show that there exists R 	 1 and C  0 such2 2
that for each root  of the equation z p  1 or z p 
1 we have
4 u  p x , 	 N x N p 1 h  x1 pŽ . Ž .Ž .Ž .
  Im 	 N x N p 1 h  x1 p  C , x	 R ,Ž .Ž .Ž . 2 2
1 p  where x denotes the positive root of x. For z 
 , 0 and 
  i argŽ z . Ž .the function z z  r e is holomorphic, where arg z   for
i  z re , r 0,  
 , . By Lemma 5 the following hold:
Ž .  4 	 Ž . 	 Ž 	 	
N .a If N p then 	 0 and h z O z .
Ž .b If N p then N 0.
We have to look at the following three cases.
Ž . Ž . Ž .Case 1 N p . It follows from b that N 0; hence by ii for all
x	 R p,
u  p x , 	 N x N p 1 h  x1 pŽ .Ž .Ž .
p p N p 1 p Im  x  Im 	 x 1 h  xŽ . Ž .Ž .Ž .
	 	 
1 p 	 	 
1 p 	 1 Cx  	 1 CR ,Ž . Ž .
Ž . 	 	Ž 
1 p. pwhich implies 4 with the constants C  	 1 CR and R  R .2 2
Ž . Ž . Ž . 	 	
NCase 2 N p . It follows from a that 	 and h z  C z ,
	 	 pz R, for sufficiently large C 0. For x	 R we have
u  p x , 	 N x N p 1 h  x1 pŽ .Ž .Ž .
p N N p 1 p Im  x  Im 	 x 1 h  xŽ . Ž .Ž .Ž .
1 p 	 	 Im 	 xh  x  C 	 ,Ž .Ž .
Ž . 	 	 pwhich implies 4 with the constants C  C 	 and R  R .2 2
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Ž . N Ž . Ž .Case 3 N p . Let  	 , qNp 1 and  z  h  z ,
	 	 Ž .  p z  R. For r,   R , we set
S r ,   u  pz ,  z q 1  z1 pŽ . Ž .Ž .Ž .
and
f r ,   Im  z q 1  z1 p ,Ž . Ž .Ž .Ž .
where z rei and z q1  r q1 ei q1, for q . Note that there exists1
Ž . 	 	 Ž . R 	max R, 2C such that for all z R we have 1  z  
3 3
, 0 and
Ž . Ž Ž .. 	 	
15 arg 1  z  2C z  1.
If  r ei1, where r  0 and  , the function f can be written as1 1 1
Ž . Ž . q 	 Ž 1 p. 	 Ž Ž Ž 1 p...6 f r,   r r 1  z sin   q arg 1  z ,1 1
i p Ž .for all z re , r R , . For 4 to hold it suffices to show that3
there exist C  0 and R 	 R p with3 4 3
Ž . Ž . Ž .7 S r, 0   f r, 0  C , r	 R . 3 4
  Ž . Ž .To show this let M 2 0, . By 5 and 6 there exist positive

1ŽŽ . . 
1Ž .numbers r  0,  q  
  , and d  0,  q M
  ,˜ 1  1
such that

1Ž . Ž . ŽŽ . .8 f r,   0, if r	 r ,  q M 
 ˜  1
and
Ž . Ž . q 
1Ž .9 f r,  	 d r , if r	 r ,  q M
  .˜   1
Ž .By ii the function S satisfies the inequality
Ž . Ž . 	 Ž . 	 Ž .10 S r,   r sin   f r,  , r	 R, .

1Ž . Ž . ŽŽ . .Hence 7 follows directly from 8 if 0 q M 
  . Therefore we1

1Ž .will assume that 0 q M
  . If this condition holds there exist1

1 
1  Ž  0 with  
  q   such that  ,  q M
1 2 2 1 1 2
.  4 
1Ž . Ž Ž and  ,  q 
  . We choose a number 0 min  11 1 2 1

1 . 
1 .
 q , q 2 and define   
  ,     and1 1 2 2
i p    re : r R ,     
 , 0 . 41 1 2
By the definition of  we have  
   . It follows that the function2 1
Ž . Ž 	 	 Ž .. Ž .s z  S z , arg z , z  , is subharmonic. Moreover, by i for all1
z  we have1
	 	 	 	 	 	s z  S z , arg z  z sin arg z O 1  z O 1 .Ž . Ž . Ž . Ž . Ž .Ž . Ž .
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1 4 ŽŽ . . Ž . Ž .Since  ,  q M 
  the conditions 8 and 10 imply for1 2 1
	 	 Ž .z 
  with z max r , r that˜ ˜1  1 2
	 	 	 	 	 	s z  S z , arg z  z sin arg z  z .Ž . Ž . Ž .Ž . Ž .
By Lemma 7 there exists A  0 independent of s such that1
Ž . Ž . 	 	11 s z  A z , z  .1 1
Ž .This property can be used to show 7 in the remaining cases. If 0

1Ž . Ž . Ž pq M
  it follows from q 1 and 9 that for r	 R max R ,1 5 3
Ž .1Žq
1..A d1 0
S r , 0  s r  A r d r q   f r , 0 ,Ž . Ž . Ž .2 0
Ž . Ž . 
1Ž .which implies 7 . Thus it remains to show 7 in the case 0 q 
 1
 4or equivalently 0  , . Without loss of generality we assume that1 2
  0. The argument for   0 is analogous. In that case   22 1 1
2Ž . . By Lemma 8 there exist C  0, R 	 R ,  C R , , and   04 6 5 6 1
such that
Ž . Ž . Ž .    13 f r,   0 is valid for r,   R , 
  ,  if and only0 0 6 1 1
Ž .if    r .0
Ž . 	 Ž . 	 Ž . 	 Ž . 	 
1 	 Ž . 	 
214  r  o 1 , as r ,  r  C r ,  r  C r ,4 4
r	 R .6
Ž .15 one of the following conditions holds:
Ž . Ž .a  r  0, r	 R .6
Ž . Ž .b  r  0, r	 R .6
Ž . Ž .c  r  0, r	 R .6
Ž . Ž .Note that 13 immediately implies for  min  2, 2,4 and1 1
sufficiently large R 	 2 R that7 6
Ž . Ž . Ž .    16 f r,   0 is valid for r,   R , 
  ,  if and0  0 7 1 1
Ž .only if  	  r .0

1ŽŽ . . Ž .In fact   q M 
  ; hence for r	 R max r , 2 R we˜1 1 7  61
Ž .  Ž .  Ž .have f r,   0. If    r ,  satisfies f r,   0 there also exists1  1 1 1 
  Ž . Ž . Ž .   ,  with f r,   0. Hence 13 implies    r   , which2 1 1 2 2 1
Ž . Ž . Ž .contradicts    . This implies 16 . By 16 condition 7 follows from1 2
Ž . Ž . Ž . Ž . Ž .10 if either a or b in 15 holds. Therefore it remains to show 7 in
Ž . Ž .case c of 15 . To do so we let
i 0    re  : r R ,   
  ,    . 42 7 0 1 1 1
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Ž .By ii the function
max s z 
 Im z 
 1, 2 Im zŽ . Ž . Ž .Ž .

i p0  if z re , r R ,   
  ,  , f r ,   0Ž .3 0 1 1 0 t z Ž .
2 Im zŽ .

i p 0  if z re , r R ,   
  ,  , f r ,   0,Ž .3 0 1 1 0 
Ž .is well defined and subharmonic on  . For 7 to hold in the remaining2
case it suffices to show for sufficiently large C  0 that5
Ž . Ž . Ž .17 t x   f r, 0  C , x	 R . 5 7
To show this note that there exists   0 and R 	 R such that1 8 7
Ž . Ž i Ž x ..18 b  x, xe   , x	 R .1 2 8
Ž . Ž .  Obviously for all x	 R the function  r   xr , r 12, 32 , is8 x
	 Ž . 	 	 Ž . 	 well defined and satisfies  1   x    4. For all r 12,x 1
 	  Ž . 	 	 Ž . 	 Ž . 	 Ž . 	 	 Ž . 2 	32 we get  r   rx x  C x rx  2C and  r   rx xx 4 4 x
2 Ž .2 Ž . C x  rx  4C . By Lemma 9 there exists   C  0 such that4 4 4
for each 0 r   there exists a point z  withx
Ž . i xŽ1. Ž  .19 e  
 b r , zx
Ž . Ž  .  i 0 Ž . 420 b r , z   e  :      2, 12   32 .x 0 x 0 0 0
 Ž .Fix a number 0 r min ,  3 independent of x such that the above1
Ž . Ž .properties hold. By 16 and 20 we have
Ž . Ž . i 0 Ž  .  21 f r,   0, z re  b xr , xz , r 0,   
  ,  , x0  x 0 1 1
	 R .8
Ž . Ž .The definition of t and c of 15 therefore give
Ž . Ž . Ž . Ž  .22 t z  2 Im z  0, z b xr , xz , x	 R .
 x 8
Ž . Ž  . Ž i Ž x ..From 11 and b 2 xr , xz  b  r, xe it follows for a sufficientlyx 1
large constant A 	 1 that2
Ž . Ž . Ž  .23 t z  A x, z b 2 xr , xz , x	 R .2 x 8
Ž . Ž . Ž .To get the desired estimate for t x from 22 and 23 we consider the
extremal function
h z  sup u z : u is subharmonic on b 2, 0 , u 1, u  b 1, 0  0 , 4Ž . Ž . Ž . Ž .
z b 2, 0 .Ž .
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By classical results there exists D 0 such that
h z D dist z , b 1, 0 , z b 2, 0 .Ž . Ž . Ž .Ž .
Ž . Ž . Ž .For j 0 we define h z  jh zj , z b 2 j, 0 . It follows thatj
Ž . Ž . Ž Ž .. Ž .24 h z D dist z, b j, 0 , z b 2 j, 0 .j
Ž . Note that for sufficiently large R 	 R and all x	 R that  x  r .9 8 9
This implies
 i Ž x . i Ž x .	 	x
 xz  x
 xe  xe 
 xz  x x  xr  2 xr .Ž .x x
Ž . Ž . Ž .Hence by 22 , 23 , and 24 we have
A A D2 2 
t x  h x
 xz  dist x
 xz , b xr , 0Ž . Ž . Ž .Ž . x r x xr r
A D A D2 2i Ž x . x
 xz 
 xe 
 xz  x x .Ž .Ž . x xr r
Ž . Ž . Ž . qBy Lemma 8 3 we can assume that 
 f
 r,  
 r 8 r , for all0 1
Ž .     Ž Žr,   R , 
  ,  . Thus for all x	 R max R , 8 A D0 6 1 1 10 9 2
Ž  ..1Žq
1.. r r the following holds:1

 f 
 f0 Ž . x
 f x , 0   f x ,  x   x ,  d
 x ,  dŽ . Ž . Ž . Ž .Ž . H H

 
Ž . x 0
r A D1 2q	 e x  x 	  x x	 t x .Ž . Ž . Ž .8 r
Ž .This implies 17 with a sufficiently large constant C  0, and the implica-5
Ž . Ž .tion 2  1 is shown.
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